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AFFINE PROJECTIVE OSSERMAN STRUCTURES 



P. GILKEY AND S. NIKCEVIC 



Abstract. By considering the projectivized spectrum of the Jacobi operator, 

we introduce the concept of projective Osserman manifold in both the affine 

r-f^ ' 3'iid in the pseudo-Riemannian settings. If M is an affine projective Osserman 

manifold, then the modified Riemannian extension metric on the cotangent 
f^^ , bundle is both spaceUke and timefike projective Osserman. Since any rank 1 

^sj ' symmetric space is affine projective Osserman, this provides additional infor- 

mation concerning the cotangent bundle of a rank f Riemannian symmetric 
space with the modified Riemannian extension metric. We construct other 
examplcs of affine projective Osserman manifolds where the Ricci tensor is 
not symmetric and thus the connection in question is not the Levi-Civita con- 
nection of any metric. If the dimension is odd, we use methods of algebraic 



CX5 . 

— s^ topology to show the Jacobi operator of an affine projective Osserman manifold 

has only one non-zero eigenvalue and that eigenvalue is real. 



1. Introduction 



1.1. Osserman geometry in the Riemannian setting. Let 7?. be the curvature 
operator of a Riemannian manifold A4 :— {M,g) of dimension m. The Jacobi 
operator J'(x) : y — >• TZ{y, x)x is a self-adjoint endomorphism of the tangent bundle. 
Following the seminai work of Osserman [23] , one says that M is Osserman if the 
eigenvalues of J are Constant on the unit sphere bundle 

(^: S{M,g):={£,eTM:g{Ì,0 = l}. 

OO ; Work of Chi [Tir, of Gilkey, Swan, and Vanhecke [H], and of Nikolayevsky [H [20] 

shows that any complete and simply connected Osserman manifold of dimension 
TO 7^ 16 is a rank 1-symmetric space; the 16 dimensionai setting is exceptional and 
the situation is stili not clear in that setting although there are some partial results 
due, again, to Nikolayevsky [2J. 

There has been much activity recently in Osserman Geometry. Brozos-Vàzquez 
and E. Merino [T] showed that in dimension 4, the Osserman condition and the 
Rakic duality principle are equivalent. Nikolayevsky VF3. showed that a confor- 
mally Osserman manifold (here one uses the Weyl conformai tensor to define the 



Jh ' Jacobi operator) is locally isometric to a rank-one symmetric space in dimension 

■ - -' 16 modulo a certain assumption on algebraic curvature tensors in dimension 16. 

Brozos-Vàzquez et. al [3] bave examined conformally Osserman manifolds using 
warped product structures. 

1.2. Osserman geometry in the pseudo-Riemannian geometry. Suppose 
that Ai = {M, g) is a pseudo-Riemannian manifold of signature (p, q) for p > and 
q> 0. The pseudo-sphere bundles are defined by setting: 

5±(M,5)-{CerAf :g(e,C)=±l}. 

One says that (M , g) is spacelike (resp. timelike) Osserman if the eigenvalues of 
J are Constant on S^{M,g). The situation is rather different here as the Jacobi 
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2 P. GILKEY AND S. NIKCEVIC 

operator is no longer diagonalizable and can bave nontrivial Jordan normal form as 
shown by Garcia-Rio et al |13) : in tbe algebraic context, the Jordan normal form can 
be arbitrarily complicated [IT]- One says {M,g) is nilpotent if J{x) is nilpotent for 
any tangcnt vector a;; this does not imply (Af, g) is fiat in the pseudo-Riemannian 
setting. 

Even in signature (2,2), the situation is far from clear although much progress 
has been made recently by Calviiio-Louzao et al ^ in examining these questions 
and similar questions related to the skew-symmetric curvature operator and by 
Di'az-Ramos et al |14) in examining non-diagonalize Jacobi operators. Derdzinski 
|11) has examined questions concerning type III Jordan-Osserman metrics raised 
by Diaz-Ramos et al 12 . Walker geometry is intimately related with many ques- 
tions in mathematical physics. Chaichi et. al. [7] have studied conditions for a 
Walker metric to be Einstein, Osserman, or locally conformally fiat and obtained 
thereby exact solutions to the Einstein equations for a restricted Walker manifold. 
Chudecki and Prazanowski [SJ |H] examined Osserman metrics in terms of 2-spinors 
and provided some new results in HH-geometry using the dose relation between 
weak HH-spaces and Walker and Osserman spaces using results of [T^ . 

1.3. Affine Osserman manifolds. Let V be a torsion free connection on a smooth 
manifold M; the pair (Af, V) is said to be an affine manifold. The first work on 
Osserman geometry in the affine setting is due to Garcia-Rio et al [16]. One has 
J{\x) — }? J{x) for A G R. This rescaling must be taken into cfFect. If T is a linear 
map of a finite dimensionai real vector space, let Spec{T} C C be the spectrum of 
T; this is the set of roots of the characteristic polynomial ì-t(A) :— det(r — Aid). 
One says that an affine manifold (Af, V) is affine Osserman if Spec{J^{x)) — {0} 
for any tangent vector x\ i.e. J(x) is nilpotent. This notion clearly is invariant 
under rescaling and there are many examples. One has, for example, the foUowing 
result of Garcia-Rio et al ^ : 

Theorem 1.1. Define a torsion free connection on R™ by setting 

^a^^d^, = Y. r,/(a;i, ...,Xfe_i)9,, for E,/ = E,,'= . 

fc>niax(i j) 

Then (Af , V) is affine Osserman. 

Such examples are important in neutral signature Osserman geometry. Let 
(Af , V) be an affine manifold. Let (a;^,...,x™) be locai coordinates on Af. If 
uj G T*M, expand uj = J2iyidx'' to define the dual fiber coordinates (j/i, ..., j/m) 
and thereby obtain canonical locai coordinates {x^, ..., a:™, j/i, ...,ym) on T*M. Let 
$ = ^ijdx^odx^ he a smooth symmetric 2-tensor on Af . The deformed Riemannian 
extension gv,$ is the metric of neutral signature {fh^in) on the cotangent bundle 
T*Af given locally by 

gvA^x^^d^^) = -2ykTij''{x) + $jj(x), 

gvA9xi,dyj) = Sf, gvA^y'^yj) = 0. 

This is invariantly defined; we refer to Calvino-Louzao et al [4^ for further details. 
One has: 

Theorem 1.2. Let (Af, V) be an affine Osserman manifold and let ^ be a smooth 
symmetric 2-tensor on M. Then the deformed Riemannian extension (T*M,g-^,^) 
is a pseudo-Riemannian nilpotent Osserman manifold of neutral signature. 

It is possible to modify this construction to produce Osserman metrics with non- 
nilpotent Jacobi operators of neutral signature on r*Af Calvino-Louzao et al [5]. 
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One defines the modified Riemannian extension by setting: 

9v,i{dxi,dyi) = Sj, gv,i{dy^,dy,) = 0. 
Again, this is invariantly defined. One has: 

Theorem 1.3. Let (Af, V) be an affine Osserman manifold. Then the modified 
Riemannian extension (T*M, gv.i) ** a pseudo- Riemannian Osserman manifold of 
neutral signature so that if ^± £ S^ {T* M ^ g\j ^i) , then Spec{i7(^±)} — ±(0,1,^) 
with multiplicities (1, 1, 2m — 2), respectively. 

Note that the structures can be chosen so that Jacobi operators for the metrics 
in Theorem 11.21 and and in Theorem 11.31 have non-trivial Jordan normal form. 

1.4. Projectivizing the spectrum. Since J^iX^ — A^J'(^), it is necessary te 
take this rescahng into account. This played no role, of course, if we assume that 
Spec{J'(^)} — {0} for ali ^. But it motivates the following: 

Defìnition 1.4. 

(1) Let (M, V) be an affine manifold. We say (M, V) is an affine projective 
Osserman manifold if given any pair of non-zero tangent vectors x, y, there 
is a real scaling factor s(x, y) 7^ so 

SpecUiy)} = s{x, y) ■ Spec{J{x)} ^ {0} . 

(2) Let (M, g) be a pseudo-Riemannian manifold. We say (M, g) is spacelike 
projective Osserman (resp. timelike projective Osserman) if given any pair 
of vectors x,y in S^{M,g) (resp. S^{M,g)), there is a real scaling factor 
s{x,y) 7^ so 

Spec{J{y)} = six, y) ■ Spec{J{x)} ^ {0} . 

Although in principle, we allowed s{x,y) to be negative, in fact s{x,y) can be 
chosen to be positive and once this is done, s is smooth. We will establish the 
following result in Section[2] 

Lemma 1.5. Let (Af, V) he an affine manifold. Let O be a connected open subset 
ofTM. Suppose there exists s{x,y) so that Specfi/a;)} = s{x,y) Spec{J'(2/)} 7^ {0} 
for ali x,y G O. Then: 

(!) Tr{ J'(a;)''} = s{x, y)^ Tr{ J'(y)''} for any x,y e O and any k. 

(2) Spec{ J^(a;)} = \s{x, y)\ Spec{ J^(a;)} ^ {0} for ali x,yeO. 

(3) There exists k so that 

, , ,, rTr{J(a;)nì'^' , 

(4) The function \s{x,y)\ is smooth on O x O. 

Since S^[M,g) has at most two components and since J{—S,) = J{S,), the 
following result is an immediate consequence of Lemma 11.51 

Theorem 1.6. 

(1) Let (Af, V) be an affine projective Osserman manifold. Then the function 
s{x,y) of Definition \1.4\ (1) can be taken to be positive and smooth. 

(2) Let (M, g) be a spacelike projective Osserman (resp. timelike projective 
Osserman) manifold. Then the function s{x,y) in Definition \1.4\ (2) can 
be taken to be positive and smooth. 
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The notions of timelike Osserman and spacelike Osserman are equivalent (see 
Garci'a-Rio et al 115,). This is not the situation in the setting at hand as we shall 
show in Section[3] 

Theorem 1.7. Let p > and q> 0. There exists a pseudo-Riemannian manifold 
{M, g) of signature (j), q) uihich is spacelike projective Osserman hut not timelike 
projective Osserman. Similarly, there exists a pseudo-Riemannian manifold (M, g) 
of signature {p, q) which is timelike projective Osserman hut not spacelike projective 
Osserman. 

In SectionUl we will generalize Theorem 11.21 to the projective setting: 

Theorem 1.8. Let $ &e a symmetric 2 tensor on an affine manifold (Af, V). 
The following assertions are equivalent: 

(1) (M, V) is an affine projective Osserman manifold. 

(2) {T*M,g\j^^) is a spacelike projective Osserman manifold. 

(3) (T*M, gv,*) is timelike projective Osserman manifold. 

Let p{x, y) := Tr{z — > R{z, x)y} be the Ricci tensor. This tensor need no longer 
be symmetric so we let ps{x,y) :— ^{p(x,y) + p{y,x)} he the symmetric part of 
this tensor. Any Riemannian Osserman manifold is necessarily an affine projective 
Osserman manifold; the fact that (M, g) is Riemannian is cruciai bere since if 
J7(f) is nilpotent if ^ is nuli for a higher signature pseudo-RiemannianOsserman 
manifold. Consequently if (M, g) is a rank 1 symmetric space, then (M, g) is an 
affine projective Osserman manifold. If m = 2 and if 7^ x, let {0, A(a;)} be the 
eigenvalues of J{x) where each eigenvalue is repeated according to its multiplicity. 
Then p{x^ x) = Psix, x) = Tt{J'{x)} = X{x). The following result is now immediate 
and provides examples to which Theorem 11.81 applies: 

Theorem 1.9. 

(1) Any rank 1-symmetric space is an affine projective Osserman manifold 
where we let V he the Levi- Civita connection. 

(2) If m — 2 and if (M, V) is an affine manifold, then (M, V) is an affine 
projective Osserman manifold if and only if ps{x,x) 7^ for ali x, i.e. ps 
is definite. 

1.5. The algebraic context. Let y be a real vector space of dimension m and 
let A G End(y) (E) V* . We say that {V, A) is an affine curvature model if A has the 
symmetries of the curvature operator of an affine connection for ali x,y, z d V: 

A{x,y)z = -'A{y,x)z, 

A{x, y)z + A{y., z)x + A{z, x)y = . 

The first symmetry is the Z2 anti-symmetry and the second symmetry is the first 
Bianchi identity. If (M, V) is an affine manifold, then {TpM, Rp) is an affine 
curvature model for any P d M. Conversely, given an affine curvature model 
{V, A), then there exists a complete affine manifold (M, V) and a point P of M so 
that {V,A) is isomorphic to {TpM,Rp), i.e. every affine curvature model can be 
geometrically realized by a complete affine manifold (see Y. Euh et al [2]). 

Let (y, A) be an affine curvature model. The associated Jacobi operator is given 
by setting J(y)w := A[w, v)v. One says that {V, A) is an affine projective Osserman 
curvature model if Spec{J'{v)} = s{v,w)Spec{J'{w)} ^ {0} im ^ v,w £ V. In 
Section[5l we will prove the following result which has an immediate application to 
the geometrie setting: 

Theorem 1.10. Let {V, A) he a an affine projective Osserman curvature model of 
odd dimension m. If =/= v £ V, then Spec{i/(w)} = {0, A(u)} where \{v) is a 
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smooth real valued function on V — {0} which never vanishes. The eigenvalue 
appears with multiplicity 1 and the eigenvalue X(v) appears with multiplicity m—I. 
In this situation p{v,v) — (m — l)A(w) so the symmetric Ricci tensor ps defines a 
non-degenerate definite inner product on V. 

In Sectionini we will prove the foUowing result: 

Theorem 1.11. Let OT^ := (R™,A) where the non-zero components of A are 
determined hy: 

Aijj'^ = 1 for l < i ^ j < m and Ai22^ = Ai2i^ ~ -e . 

(1) 97le is an affine projective Osserman model for any e. 

(2) 9Jle is geometrically realizable by an affine projective Osserman manifold. 

Remark 1.12. The Ricci tensor of the model in Theorem 11.1 11 is given by 

if ^ = 1, j = 2 



Piei 




ÌU^2, j = l 
ìii = j 
otherwise 



If £ 7^ 0, then ps is net symmetric and A is net a Riemannian algebraic curvature 
operator and, in particular, is not the curvature operator of Constant sectional 
curvature +1. 

The tensor of Theorem 11.111 is a perturbation of the curvature tensor of Con- 
stant sectional curvature +1. In Section [71 we present two algebraic examples 
which are perturbations of the Fubini-Study metric on complex projective space 
and on quaternionic projective space, respectively, and which are affine projective 
Osserman models. 

2. The proof of Lemma [TT5] 

Let (M , V) be an affine manifold and let O he an open connected subset of 
TM. Assume Spec{J^(a;)} = s{x,y) Spec{ J{y)} ^ {0} for ali x,y € O. Let a{t) 
be a path in O. Since the number of eigenvalues of Spec{J'{a{t))} is indepen- 
dent of t, eigenvalues do not coalesce or bifurcate and consequently the eigenvalue 
multiplicities are Constant as well along a. Thus 

Tr{^(t)'=} = s(fT(0),f7(i))'=Tr{^(0)'=} for any k. (2.a) 

Since J'(o'(0)) is not nilpotent, Tr{J'(cr(0))'^} ^ for some k. Fix such a k. Since 
O is connected, Equation (j2.ap implies that Tt{J'{x)'^} ^ for any x e O and that 
s(ct(0),ct(é))'' is smooth. If k is odd, since s(cr(0),CT(0)) = 1 and s(cr(0), cr(i)) ^ 0, 
we have s(cr(0),CT(i)) > 0. Since the cndpoints were arbitrary, s{x,y) > for ali 
(x, y) and the Lemma follows. 

On the other band, if Tr{J^(cr(0))'=} = for ali odd fc, then Spec{J'(cr(0))} is 
symmetric about the origin and we may assume s(cr(0), <y{t)) is positive. Again, we 
can take the k^^ root to establish Lemma [T3] D 

3. The proof of Theorem 11.71 

Let p > Q and let g > be given. Let {S'',gq) denote the sphere in R'?+^ with 
the standard metric of Constant sectional curvature +1. Let {M.P,gp) denote MP 
with a fiat negative definite metric. Let M = {MP x S'^ , gp (B gq)', this metric has 
signature (p,g). If ^ = (Cp,Cg) G TM, then J{^) = 0®J{^q). If C is spacelike, then 
^q ^ and Spec{J(^)} = Spec{ J{^q)} = {0, 1^,^} and thus {M,g) is a spacelike 
projective Osserman manifold; is an eigenvalue of multiplicity p. On the other 
band, if f g = and ^p ^ 0, then ^ is timelike and Spec{J'(^)} = {0} so {M,g) 
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is not a timelike projective Osserman manifold. This proves the first assertion of 
Theorem 11.71 the second fonows similarly. D 

4. The proof of Theorem 11.81 



Let a be the canonical projection from T*M to M. Let ^ e T{T*M) and 
let a = CT*^ € TM. Relative to the canonical frame {dx^, ■■■,dx^,dyi, ...,dym) for 
T{T*M), one has (see Garcia-Rio et al [16 ) that: 



>-'9v,« vsj — 



Jv(a) 



where * is some linear map from Span{9a;.} to Span{9j,fc}. Consequently 

Spec{ Jg^ JO} = Spec{Jv(a)} • 

If ^± e S'=^(T*M,gv,*), then a := cr4± ^ 0. The implication (1) =» (2) and the 
implication (1) ^ (3) of Theorem 11.81 now follow. Conversely, suppose that Asser- 
tion (2) holds or that Assertion (3) holds. Let a^Q. Choose £, e S^{T*M,g^^^) 
so that cr*(^) ~ ta for some i ^ 0; The implications (2) => (1) and (3) => (1) now 
follow. D 

5. The proof of Theorem 11.101 

Let {V, A) be an affine projective Osserman curvature model. Fix a basepoint 
7^ X e F and let Spec{J^(a;)} = {0, Ai, ...}; by hypothesis Spec{ J^(a;)} ^ {0}. If 
O^yeV, Svec{J{y)} = {0, s{y, x)Ai, ...}. Let 

ker{(^(y)-s(2/,a;)Air}if AiGR 



^i(y) ì ker{(J^(y) - s{y,x)Xi)"'{J{y) - s{y,x)Xi)"'} otherwise 

be the generalized eigenspace corresponding to Ai if Ai is real and to {Ai, Ai} 
otherwise. As noted previously, the eigenvalue multiplicities are Constant. Thus 
these generalized eigenspaces have Constant dimension and vary smoothly with y. 
Put an auxiliary inner produci (•,•) on V and let 5'™"^ be the unit sphere of 
{V, (•, •)). Let y e 5""^^. Since J{y)y — 0, Jiy) induces an endomorphism of the 
quotient space V/y ■ R which we may identify with TyS^^^^ . Since rn — 1 is even, 
grn-i ]-^g^g j-^p non-trivial sub-bundles. Since {0} 7^ Vi is a sub-bundle of TS™~^, 
we conclude Vi = TS"^~^ for y e 5*™^^. This implies that is an eigenvalue of 
multiplicity 1 and that 

{0,s(y,a;)Ai} if A G 



Spec{J{y)} - ^ {o^s(y^^)Ai,s(y,x)Ai} otherwise 

This completes the proof if Ai is real. Thus we suppose Ai is complex and argue 
for a contradiction. We complexify and decompose 

T,(5"-i) ®R C = Wsiy,x)x, ® W-.(,,.)A, 

into the generalized eigenbundles corresponding to A and A where 

W^{y) := {e e T,5™-i ®K C : {J{y) - a*)"^ = 0} . 

Since J{—y) = J{y), we obtain a corresponding decomposition of the tangent 
bundle of projective space 

Since Wx — W^, the first Chern class vanishes: 

== ci(r(]RP™-i) (g)KC) e H^{RP"'-^;Z2) - Z2 . 

On the other hand, RP™"^ is not orientable since m-1 is even. Thus wi (r(MP™"^)) 
generates if ^(RP™^^; Z2) = Z2. Since the generator of the first cohomology 
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group i/^(MP™^^;Z2) squares to the generator of the second cohomology group 
il2{KP'"-i;Z2), this imphes 

^ w2(T(]RP™"i)) e iJ^(MP''""^Z2) = Z2 . 

This is a contradiction since 

w?(r(MP"-i)) = ci(T(Rr"^i) (g)K c) . 

This contradiction completes the proof. D 

6. The proof of Theorem 11.111 

li m — 2, thcn Theorem 11.111 follows from Theorem 11.91 (2) so we shall assume 
that m > 3. We have defined dJl^ := (M™, A), where the non-zero components of A 
are determined by: 

Aij/ = 1 for 1 < i ^ j < m and ^122^ = ^121^ = -e. 

If (•, •) is the usuai Euclidean inner product on M™, then ps — {m — !){■,■). We let 
G := 5*0(2) X SO{m - 2) act on M™. We lower indices and regard A e (gì'^V*: 

A = -e(e^ A e^) ® (e^ (g) e^ + e^ ig) e^) + ^(e* A e^') «) (e^' A e*) . 

Consequently A is invariant under the action of G so Spec{j7^(x)} — Spec{i7(gx)} 
for ali g G G. Let x = «lei + ... + amem belong to S"™^^. We may use the action 
of 5*0(2) to ensure that 02 = and we may use the the action of SO{m — 2) to 
ensure that a^ = for i > 3 in examining Spec{i/(a;)}. Thus we may assume that 
X — costei + sin 063 so 

J{x)e.,, = e^ for i > 4, 

J'{x){cos9ei + sin 6*63) = 0, 

J^{x){— sin^ei + cos6'e3) = — sinflei + 0086*63 • 

Thus is an eigenvalue of multiplicity at least 1 and +1 is a eigenvalue of multiplicity 
at least to — 2. Since Tr{J'(a::)} = p{x,x) = (m — 1), we conclude that +1 is an 
eigenvalue of multiplicity m—I. Consequently, 9Hj is an affine projective Osserman 
curvature model for any e. 

Define a torsion free connection V on M™ by setting: 

r™„" = 2, r,„^ = T^e = T,r = 1 for i < m; T^i^ = -r22' = e{xi + x^) . 

We have Rijk^ = d^Tjk - djT.k'' + T.jTjk'' - TjjTik"'. There are no terms in e^ 
and the only terms in e which are quadratic in the Christoffel symbols are 



— Tmi Tu — Fu Tmi — 0, 

= rm2 r22 — r22 Tm2 = . 

Consequently, the quadratic terms give rise to: 

^imm ^ im ^ mm ^ mi ^ im ^ -L lOr X <, ?7fc, 

^mii — ^ mm ^ ii ^ ii ^ mi ^ -^ lOr 1 <^ 771, 

Rij/ = ri„/rjj" = 1 for i 7^ j < 777 . 

We complete the proof by examining the terms involving the derivatives of F and 
verifying: 
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R122' = d^,T22' = -e and i?2ii' = d^.V^^ = e. D 

Remark 6.1. Suppose e 7^ 0. If = ^, then x — e^ and J{x) is diagonal. If 
= f , then X = -75(61 + 63) and: 

J'(a;)(ei +63) = 0, J'(a;)(ei - 63) = ei - 63, J'(.T)e2 == ^eei + 62, 
J{x){e2 + 56(61 + 63)} = igei + 62 = 62 + Ì£(ei + 63) + \e{ei - 63) . 

Thus the space Spanjui :— 62 + ■|e(6i + 63), «2 = 3:£(6i — 63)} is mvariant under 
the action of J^{x) and we have J(x)vi — V2 and J^{x)vi = wi + «2- Consequently, 
we have non-trivial Jordan normal forni in this instance. 

Remark 6.2. Suppose that e = 0. Since the Christoffel symbols are Constant, the 
group of translations acts on transitively on jVJ by affine isomorphisms; thus A^ 
is affine homogeneous. However, if we set a{t) — (0, ...,0,x(i)), then the geodesie 
equation becomes x -\- xx = which blows up in finite time for suitable initial 
conditions. Thus (M™, V) is geodesicaUy incomplete. FinaUy, we compute: 

= ^drr.R{d,n,di)di - R{Va^d^,di)di - -R(a„, Va„ai)ai - R{d^,di)Vo^di 
= (2-2-2)a„, ^0. 

Consequently, V7?. 7^ 0. Thus these manifolds are not locally symmetric. This 
shows that the affine manifolds A^o are not affinely equivalent to the standard 
affine structure on the sphere S*™. 

If £ 7^ 0, then there is a translation group of rank m— 1 which acts on (M, V) pre- 
serving the structures. Furthermore, this manifold is affine curvature homogeneous. 
However, we have additional entries in Vi?: 

^R{d2,di,di-di) = -2riiia2, and ^R{di,d2,d2;d2) = -2r22'9i . 

Since Fii^ and F22^ vanishe if and only if xi + X2 — 0, (M, V) is not I-affine 
curvature homogeneous and has affine cohomogeneity I. 

7. TWO ALGEBRAIC EXAMPLES 

In Section El we considered a model based on the tensor of Constant sectional 
curvature I. In this section, we examine examples which are related to the curvature 
operators of complex and projective space. These examples have non-symmetric 
Ricci tensors and non-trivial Jordan normal forni. We do not know if any of the 
examples in this section can be realized geometrically. 

7.1. A complex example. Let m — 2fh he even, let (•, •) be the usuai positive def- 
inite inner product on R™ for m even, and let J be a Hermitian complex structure; 
this means that 

J*(., .) = (.,.) and J2 =-Id. 

We can choose an orthonormal basis {ei, ..., e™} for R™ so that if 1 < j < m, then: 

jg.^ / 62j if i = 2j-l 



-e2j-i if i = 2j 

Define algebraic affine curvature operators by setting: 

Ao{x, y)z := (y, z)x - (x, z)y, 

A,j{x, y)z := {Jy, z)Jx - {Jx, z)Jy ~ 2{Jx, y)Jz, 

£(ei, 62)61 = -ei and f (62, ei)e2 = 62 . 
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The tensor Aq+Aj is the curvature operator of the Fubini-Study metric on complex 
projective space CP™. If {x,x) — 1, then 

{0 if y = X 
{Xo+3\i)y if y = Jx 
Ao2/ if y-L{x,x} 

Thus Aq^o + ^lAj is an affine projective Osserman curvature modeL 

Lemma 7.1. Let M^ := (M™, AoAq + XiAj + e£). The eigenvalues of J{x) for 
{x,x) = 1 are {0, Ao + 3Ai, Ao, ..., Ao} where each eigenvalue is repeated according 
to multiplicity. Thus 371^ is an affine projective Osserman curvature model. 

Proof. The tensor Aq is invariant under the action of the fuh orthogonal group 
0{m), the tensor Aj is invariant under the action of the unitary group U{rn), and 
the tensor £ is invariant under the action of the group 

G := U{1) X U{fh - 1) C U(m) C 0{m) . 

We suppose xi e K™ satisfies (xi,xi) = 1. We use the action of G to assume 
xi = cos6'ei + sin 6*63 when studying J{x). Then J(x) — Id on Span{ei}i>5 so this 
space plays no role and we may assume m = 4. Let 

xi := cosé'ei + sinica, X2 ■= — sinici + cosmea, 

X3 :— Jxi — cos0e2 + sin0e4, X4 :— Jx2 — — sin 062 + cos0e4. 

Let • be a coefficient which we do not need to specify. We then have 
J{xi)xi = 0, 
J{xi)x2 = Aoa;2, 
J{xi)x3 = (Ao + 3Ai)a;3 + *ei = -kxi + -kX2 + (Ao + 3Ai)a;3, 

J^{xi)x4 — XqX4 + -kex = *Xi + -kX2 + A0X4 . 

The matrix of J^{xi) on this 4-diniensional subspace is therefore given by 



J{xi) 



The Lemma now foUows. D 

Remark 7.2. If we take 6* = ^, then xi = 63 and J{xi) is diagonaL If we take 
9 — ^, then xi — (ei + e^)/ \/2 and the same argument given in Remark 16.11 shows 
i7(xi) has non-trivial Jordan normal form: 

J{x){ei + 63) = 0, J{x){ei - 63) = ei - 63, 

J(x){e2 - 64) = igei + (e2 - 64), 

J{x){e2 - 64 + ie(ei + 63)} = ^eei + 62-64 

= 62 - 64 + je{ei + 63) + ie(ei - 63) . 

and, again, the Jordan normal forni is non-trivial if e 7^ 0. 

7.2. A quaternion example. Let m = 4k and let { Ji, J2, J3} give M^'^ an orthog- 
onal quaternion structure, i.e. 

{JiX, Jix) — (x, x), JiJj + JjJi = —2Sij Id, and J1J2 = J3 ■ 

Let 

£ :^-{{e^ A e^) (g) {e^ (g) e^ + e^ (E) e^) + (6^ A e%€^ ® €^ + e'^ ® e")} . 



/ 





• 


* 1 





Ao 


• 


• 








Ao + 3Ai 





Vo 








Ao / 
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Lemma 7.3. Let M^ : (M™, AqAo + AiAj^ + \2Aj^ + A3 Aj^ +££"). The eigenvalues 
of J{x) for {x,x) = 1 are {0, Ao + 3Ai, Aq + 3A2, Aq + 3A3, Aq, ..., Ag} where each 
eigenvalue is repeated according to multiplicity. Thus Dil^ is an affine projective 
Osserman curvature model. 

Proof. Lct H := Span^{l,i,j, k} denote the quatcrnions. We take an orthonormal 
basis {e5',ej',e5',e^} for R^fc ^here 1 < i^ < fc so that e"^ ^ J^e\, ej" = Jae^, and 
e^ = Jze\. This permits us to identify M™ = H*^ with the quaternions where 
{ Ji — i,Ji — j, J3 = A:} are the quaternions acting from the left. Let Sp(A;) 
be the group of isometries of K™ which commutc {Ji, J2, J3}; this is the set of 
k X k orthogonal quaternion matrices acting from the right. The affine algebraic 
curvature tensor in question is invariant under the action of Sp(l) x Sp(fc — 1). 
Consequently, in considering Spec{J'(x)}, it suffices to consider the special case 
X = cos^ej + sin^e^. The remaining variables e';^ for v > 3 play no role and may 
be ignored. We compute: 

sintìe^) 



J{x 
J{x 
J{x 
J{x 
J{x 
J{x 
J{x 
J{x 



cos 9e\ 



s| + cos 



H) 



sin ( 



cos fé" 



cos 

— sin 



ee]+sìnee]) 



0, 

= Ao(— sìx\9e\ + costìe^), 

(Ao + 3Ai)(cos6lei + siné'ef) + •el, 

= Ao(-sin6'ej +cos6'ef) +ire\), 

(Ao + 3A2)(cos6lei +sin6'e2), 



i]+cosee]) = Ao(- 



smf 



cos( 



cos( 



- sin6'e^ + cos 6*6^) 



(Ao + SAi) (cos 6*61 
= Ao( 



-sin6le2) 



-sÌTi6e\ 



cos9e1) 



The last 4 vectors play no role and the niatrix of J^{x) with respect to the first 4 
vectors takes the forni: 



J{x) 



( ° 





• 


* \ 





Ao 


• 


• 








Ao + 3Ai 





Vo 








Ao ) 



The desired rcsult now foUows. 



n 
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